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Abstract. We prove that a weak Fano manifold has unobstructed deformations. We also 
investigate when a variety has an obstructed deformation. 
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I. Introduction 

We consider algebraic varieties over an algebraically closed field k of characteristic zero. 

The Kuranishi space of a smooth projective variety has bad singularities in general. Even 
in the surface case, Vakil [14] exhibited several examples of smooth projective surfaces of 
general type with arbitrarily singular Kuranishi spaces. 

On the other hand, in some nice situations, the Kuranishi space is smooth. A famous 
result is that the Kuranishi space of a Calabi-Yau manifold is smooth. The Kuranishi space 
of a Fano manifold X is also smooth since H 2 (X, Qx) = by the Kodaira-Nakano vanishing 
theorem, where Qx is the tangent sheaf of X. 

In this paper, we seek several nice projective manifolds with smooth Kuranishi space. 

A smooth projective variety X is called weak Fano if the anticanonical divisor —Kx is 
nef and big. The following is a main theorem of this paper. 

Theorem 1.1. Deformations of a weak Fano manifold are unobstructed. 

Previously, Ran proved the unobstructedness when a weak Fano manifold has a smooth 
anticanonical element ([TT] Corollary 3). Minagawa's argument in [9] implies the unob- 
structedness when |— 2 Ax | contains a smooth element. However these assumptions are not 
satisfied for a general weak Fano manifold as explained in Example 12.81 We prove it for the 
general case. 

The following more general result implies Theorem 11.11 
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Theorem 1.2. Let X be a smooth projective variety. Assume that H l (X, Ox) = and there 
exists a positive integer m and a smooth divisor D G |— mKx\ such that H 1 (D,Nd/x) — 0. 
Then deformations of X are unobstructed. 

We use the T 1 -lifting technique developed by Deligne, Ran, Kawamata and Fantechi- 
Manetti. Instead of proving the unobstructedness directly, we first prove the unobstruct- 
edness for the pair of a weak Fano manifold X and a smooth element D of |— mKx\ for 
sufficiently large integer m in Theorem 12.11 Next we show that the unobstructedness for 
(X, D) implies the unobstructedness for X. 

We also show that the Kuranishi space of a smooth projective surface is smooth if the 
Kodaira dimension of the surface is negative or in Theorem 13.21 It seems to be known to 
experts but we give a proof for the convenience of readers. 

2. Proof of theorem 

Let Artk be the category of Artinian local fc-algebras and Sets the category of sets. 
For a proper variety X and its effective Cartier divisor D, let Def (x,d) '■ Art k — > Sets be 
a functor such that Def(x,D)(^4) is a set of equivalence classes of proper flat morphisms 
/: Xa — > Spec A together with effective Cartier divisors Da C Xa and marking isomor- 
phisms 0o : Xa Xa k — > X such that 4>q(Da Xa k) = D. This is the pair version of the 
deformation functor Defx defined in [6]. We see that Defp^) is a deformation functor in 
the sense of Fantechi-Manetti ([2] introduction). 

To prove Theorem 11.21 we prove the following theorem on unobstructedness of deforma- 
tions of a pair. 

Theorem 2.1. Let X be a smooth proper variety such that H 1 (X,Ox) = 0. Assume that 
there exists a smooth divisor D G \—mKx\ for some positive integer m. Then deformations 
of (X, D) are unobstructed, that is, Def(x,D) is a smooth functor. 

Proof. Set A n := k[t}/(t n+1 ) and B n := k[x, y}/{x n+ \ y 2 ) ~ A n ® k Ay. For [(X n , D n ), Q ] G 
Def(x,D)(AJ, T l ((X ni D n ) / A n ) be the set of isomorphism classes of pairs ((Y n , E n ), ip n ) 
consisting of deformations (Y n , E n ) of (X n , D n ) over B n and marking isomorphisms ip n : Y n x Bn 
A n — > X n such that ip n (E n x Bn A n ) = D n , where we use a ring homomorphism B n — > A n 
such that x i — y y i — y 0. Then we see the following. 

Claim 2.2. We have 

(1) T\(X n ,D n )/A n ) ~ H\X n ,e Xn /A n (-logD n )), 

where Q Xn /A n (—^ogD n ) is the sheaf of relative tangent vectors which are tangent to the 
Cartier divisor D n . 

Proof. We can prove this by a standard argument (cf. [13], Proposition 3.4.17]) since we use 
B n = A n ® fe Ay. □ 

Hence, by [2] Theorem A, it is enough to show that the natural homomorphism 

7 „: H\X ni Q Xn /A n (-\°gD n )) ^(X^e^^-logA^)) 

is surjective for the above X n , D n and (X n _ x := X n x An A n _y, D n -y := D n x An A n _y). 
Note that we have a perfect pairing 

^k/A>g AO >< ^tk(log^) Xn {Kx n/An + D n ) ~ <7X- 
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We have Xn { K x n /A n + D n ) ~ oofjZ since we have H K X , °x) = 0. Thus we see that 
H\X n ,Q Xn/An (-\ogD n )) ~ H\X n ,^ /An {\ogD n )®uj%jl). 

Let 

m— 1 

Spec0O x „(^ M J^X n 

i=0 

be the finite morphism defined by a section <j£> n G H°(X n , —mKx n /A n ) which corresponds 
to _D n . We have an isomorphism 

<n Xn/An (logD n ) ~ fi^ Mn (log A n ) 
for some divisor A n G | — 7T*i^x„/A„ i • Hence we see that 

m— 1 

and f2^r* An (log-D n ) <g) Wx™/An is one of the direct summands. 

Hence it is enough to show that the natural restriction homomorphism 

r n . H\Z n ,W£ IAn {\ogk n )) ^ H^Z^Q^^JlogA^)) 

is surjective since 7 n is an eigenpart of r n . We need the following claim. 

Claim 2.3. The cohomology group H q (Z n , Q p z , An (log A n )) is a free A n -module and com- 
mutes with base change for any p and q. 

Proof. This follows from the following claim. 

Claim 2.4. (i) The hypercohomology group M k (Z n , (log A n )) is a free ^-module 

for all k. 
(ii) The spectral sequence 

E™ := H\Z n ,Q p Zn/An (\ogA n )) => W + «(Z n ,{l Zn/An (logA n )) 
degenerates at Ei. 

We can prove this by the same argument as in [Tj Theoreme 5.5]. We give a proof for the 
convenience of readers. 

(i) We can assume that k = C by the Lefschetz principle. Set Z' := Z\A. Let i: Z' ^ Z be 
an open immersion. We see that a complex ^ A (log A n ) is quasi-isomorphic to a complex 
l%Q z , j A by a standard argument as in [TOI Proposition 4.3]. We have an isomorphism 
B. k (Z n , i*fl z , , An ) ~ M. k (Z' n ,Q z , , An ) since we have Rh*Vb> z , /An = for i > and all j. 
Moreover we have H P+9 (Z4, fl* z , , An ) ~ H p+q (Z', A n ) since Q' Z ' /A n * s a resolution of a sheaf 
Ai,z' where be a constant sheaf on Z' associated to A n (See [U Lemme 5.3]). Hence 

we obtain (i) since we have 

W + %Z n , W Zn/An {\ogA n )) ~ iP+*(Z', A n ) ~ fP + *(Z', C) ® A n . 

Thus we get lg An EP+*(Z n , fi^ nMn (log A n )) = lg(A») • dim c M p+q (Z, fi^(log A)), where lg 
denotes the length. 
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(ii) By the argument as in [1, (5.5.5)], we see that \g An H q (Z, ffl^, An (\og A n )) < lg(A„) • 
dime H q (Z, Q p z (\ogA)) and the equality holds if and only if H q (Z, (^^(log A n )) is a free 
y4 n -module. By the spectral sequence, we have 

£ ^A n H q (Z n ,n p Zn/An (\ogA n )) >\g An M k (Z n ,n' Zn/An (\ogA n )). 

p+q=k 

By the above two inequalities, we obtain 

\g(A n )- £ dim^(Z,^(logA))>lg(A n )-H fc (Z,^(logA)). 

p+q=k 

We have an equality in the above inequality since, by the result of Deligne, the spectral 
sequence in (ii) degenerates at E\ when n = 0. □ 



By Claim 12.31 we see the required surjectivity. Thus we finished the proof of Theorem 

o □ 

Theorem 12.11 implies Theorem 11.21 as follows. 
Proof of Theorem \l.£\ Since ^(D^Nd/x) — 0, we see that the forgetting morphism 

Def (x ,D) ->■ Def x 



between functors is smooth. Since Def (x,d) is smooth by Theorem 12.11 we see that Defx is 
also smooth. □ 



Theorem 12.11 implies Theorem 11.11 as follows. 

Proof of Theorem li.il Let X be a weak Fano manifold of dimension d. By the base point 
free theorem, we can take a sufficiently large integer m such that —mKx is base point free 
and contains a smooth element D G |— mKx\- We have H 1 (D,AfD/x) — since there is an 
exact sequence 

H\X, O x {D)) -> H\D, M D/X ) H 2 (X, O x ) 

and both sides are zero by the Kawamata-Viehweg vanishing theorem. Hence Theorem 11.21 
implies Theorem 11.11 □ 

Remark 2.5. We can prove the following theorem by the same argument as Theorem 11.11 

Theorem 2.6. Let X be a complex manifold whose anticanonical bundle is nef and big. Then 
deformations of X are unobstructed. 

Actually we see that such a complex manifold is Moishezon since there is a big divisor 
on X. Hence we have the required theorems such as i?i-degeneration of the Hodge-to-de 
Rham spectral sequence and base-point free theorem on X which we need in the proof. 

Example 2.7. We give an example of a weak Fano manifold such that H 2 (X, Ox) ^ 
where Ox is the tangent sheaf. 

Let f:X—> P(l, 1, 1, 3) be a blow-up of the singular point p of the weighted projective 
space. We see that — Kx = — /*-Kp(i,i,i,3) is free and there exists a smooth element D e 
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|— Kx\ such that p ^ D. Moreover we have an exact sequence 

(2) = H°(D,O D (-D))^H l (X,n l x (-D)) 

-> H 1 (X, Q x (log D) (-D) ) -> H\D,O d {-D)) = 0, 

where H l (D,Oo(—D)) = follows from the Kawamata-Viehweg vanishing theorem. We 
see that 

H 1 (X,Q, X (log D)(—D)) ~ Ker(i/ 1 (X, fi^) — ^ H l (D,Q} D )) 
and the class of E := f~ 1 (p) is contained in the kernel. Hence we have h 2 (X, Qx) = 

h\x,n x (K x ))^o. 

Thus we need a technique such as T 1 -lifting for the proof of Theorem 11.21 

Example 2.8. We give an example of a Fano manifold such that the linear systems |— Kx\ 
and |— 2Kx\ do not contain smooth elements. Our example is a modification of an example 
in [3 Example 3.2 (3)]. 

Let X := X 5d C P(l, . . . , 1, 5, d) = P(l n , 5, d) be a weighted hypersurface of degree 5d 
and dimension n. Assume that d ^ mod 5 and that 5 + n — Ad = 2. (For example, 
d = 6, n = 21.) The latter condition implies that — Kx = Ox(2). We see that the base 
locus of |— K x | and |— 2K X | consists of a point p :— Hi D . . . fl i? n fl X 5d , where Hi, ... , H n 
are degree 1 hyperplanes of the first n coordinates of P(l n , 5, d). We see that every element 
of | — -Kjc | has multiplicity 2 at the base point p and hence singular. We also see that every 
element of |— 2Kx\ has multiplicity 4 at the base point p and hence singular. 

Example 2.9. We give an example of a smooth projective variety such that Defx is not 
smooth and —K x is big. 

Let C C P 3 be a smooth curve with an obstructed embedded deformation which lies in 
a cubic surface as in [U Theorem 13.1]. Let /i: X — > P 3 be a blow-up along C. Then X 
has an obstructed deformation. See jl] Example 13.1.1. Note that — Kx = fi*Op3(4) — E 
where E := /i -1 (C) and C is contained in a cubic surface S C P 3 . Let S C X be the strict 
transform of S. Then we see that — K x is big since S + \p,*Ofs(l)\ C |— K x \. 

Example 2.10. We give an example of X and D e |— if^l such that Def(x,D) is smooth 
but Defx is not smooth. 

Let C C P 3 be a smooth curve in a quartic surface S such that the Hilbert scheme of 
P 3 is singular at the point corresponding to C (cf. |4, Exercise 13.2]). Let X — > P 3 be a 
blow-up along C. Then X has an obstructed deformation. However the strict transform 
D := S G |— Kx | of S is smooth and ^(X, Ox) = 0. Hence Defpf d) is smooth by Theorem 

o 

Example 2.11. We give an example of X with an obstructed deformation such that — Kx 
is nef . 

Set X := T m x P 1 where T m is a complex torus of dimension m > 2. Then X has an 
obstructed deformation (jSJ p.436-441]). Note that — iiTx is nef. It is actually semiample. 

Then it is natural to ask the following question. 

Problem 2.12. LetX be a smooth projective variety such that —Kx is nef andH 1 (X, Ox) = 
0. Is the Kuranishi space of X smooth? 
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3. Surface case 

The following lemma states that a singularity type of the Kuranishi space does not change 
under a blow-up of a point. 

Lemma 3.1. Let S be a smooth projective variety and v: S — > S a blow-up at a point p 6 S . 
Then a functor Def$ is smooth if and only if a functor Def ^ is smooth. 

Proof. Let Def(s jP ) be a functor of deformations of a closed immersion {p} C S. There exists 
a natural transformation 

Defg -> Def (s ,p) 

which is given by pushing forward the structure sheaf of a deformation of S and an ideal sheaf 
of a deformation of E := v~ l {p) by v. We also have a natural transformation Def(s )P ) — > Def ^ 
since we can construct a deformation of S as a blow-up of a deformation of S along a 
deformation of {p}. We see that these are converse to each other. 

We see that the forgetting morphism Def(s )P ) —> Defs is smooth since H 1 ^, N{p}/s) = 0. 
Hence we see the equivalence. □ 

By this lemma, we see that a smooth projective surface has unobstructed deformations if 
and only if its relatively minimal model has unobstructed deformations. 
By using Lemma 13.11 we can prove the following. 

Theorem 3.2. Let X be a smooth projective surface with non-positive Kodaira dimension. 
Then the deformations of X are unobstructed. 

Proof. By Lemma 13 .![ we can assume that X does not contain a — 1-curve. 

If the Kodaira dimension of X is negative, it is known that X ~ P 2 or X ~ Pc(£) f° r 
some projective curve C and a rank 2 vector bundle S on C. In these cases, we see that 
H 2 (X, Ox) = by the Euler sequence or the argument in [12] p. 204. 

If the Kodaira dimension of X is zero, it is a K3 surface, an Abelian surface or its etale 
quotient. It is well known that these surfaces have unobstructed deformations. Hence we 
are done. □ 

Remark 3.3. Kas [5] gave an example of a smooth projective surface of Kodaira dimension 
1 with an obstructed deformation. 
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